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Introduction. — 

In the papers [Achab,2011] and [Achab-Faraut, 2012] the foUowing 
principles were estabhshed: 

1) Given a finite dimensional complex vector space V and a homo- 
geneous polynomial Q on V such that the associated structure group 
Str{V,Q) has an open symmetric orbit, one can equip V with the struc- 
ture of a semisimple complex Jordan algebra (see Theorem 1.1 in [Achab- 
Faraut, 2012]). 

2) There exists a finite covering K of the conformal group Conf{V, Q) 
and a cocycle n : K x V ^ C such that the corresponding cocycle 
representation of K on the polynomial functions on V leaves the space 
W, spanned by Q and its translates z h- )■ Q{z — a) with a E V, invariant, 
producing an irreducible representation k of X on W (see Proposition 1.1 
and Corollary 1.2 in [Achab 2011]). 

3) Assuming the polynomial Q of degree 4, Lie{K) © W carries the 
structure of a complex simple Lie algebra Q (see Theorem 3.1 and Theorem 
3.3 in [Achab 2011]). One constructs a non compact real form of g, 
of non Hermitian type, starting with a Euclidean real form Vr of V. The 
construction also yields a real form K]^ of the group K. It turns out 
that we obtain in this way (see table 1 in [Achab 2011]) all the simple 
real Lie algebras of non Hermitian type which possess a strongly minimal 
real nilpotent orbit, i.e. such that Omin H 0r 7^ 0, where Omin is the 
minimal nilpotent adjoint orbit of Q (see tables 4.7 and 4.8 in [Brylinski, 
1998]). Recall that from a point of view of representation theory, the 
condition that Omin H 0r 7^ is natural, since it is a necessary condition 
for a simple real Lie group with Lie algebra to admit an irreducible 
unitary representation with associated complex nilpotent orbit Omin (see 
Theorem 8.4 in [Vogan, 1991]). 

4) The i^T-orbit S := K.Q C W carries the structure of a complex line 
bundle over the conformal compactification V of V. Its restriction So to 
V is trivial and the K-action on S yields a left regular representation tt of 
K on the space 0{E) of holomorphic functions on S. 

5) The subspaces Crn(S) of fixed degree of homogeneity m in the fiber 
direction are irreducible i^-modules whose elements restrict to polynomi- 
als on Sq. Homogeneity in the fiber direction allows to identify Om{'^) 
with a space Om{V) of polynomials on V. 

6) There exists a i^R- invariant inner product on Om{V) which has a 
reproducing kernel H^, where H is obtainde from Q by polarization. 
Adding these kernels with arbitrarily chosen non-negative weights yields a 
multiplicity free unitary KR-representation on a Hilbert subspace of 0{E). 

7) The polynomials p e W act on (!?fln(S) := ^ 0m(S) by multipli- 

meN 
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cation and differentiation such that the corresponding maps A^,!? : W — > 
£^n(i(Ofln(S)) arc i^-equivariant. 

8) E := Q and F := 1 in W can be complemented by H := [E, F] G to 
an s/2-triple which aUows to determine a specific condition (C) depending 
on the pair {V,Q) under which, there exists a unique sequence S = 
(<^m)meN acting diagonally on Ofin(S) := ^ 0^(2) such that the map 

m6N 

p:W^ End{Ofin{^)),p^ M{p) - SV{p) 
complements dir to a representation dir + p oi g = Lie{K) + W on 

Ofin(S). 

Since Oq{'E) is reduced to the constants and then consists in i^-fixed 
vectors, this representation is spherical. 

A list of the cases satisfying condition (C) is given and that determine 
the non hermitian simple real Lie groups Qm. which admit spherical minimal 
representations. 

9) When the condition (C) is satisfied, given the sequence 5 it is possible 
to determine a set of weights such that the restriction of {dn + p) to is 
infinitesimally unitary. Moreover, Nelson's criterion can be used to show 
that this representation integrates to the simply connected Lie group Gr 
with Lie algebra 0r. 

As the geometric setting in [Achab-Faraut 2012] allowed to give realiza- 
tions of only spherical minimal representations, we consider in this paper 
a more general geometric setting which allows to realize all minimal repre- 
sentations. We resolve this problem by applying principles l)-7) separately 
for the simple summands Vi of the Jordan algebra V which means that 
Q gets factored as a product of powers of Jordan determinants. Then, 
(neglecting coverings) K is a product of the analogue groups Ki for the 
simple summands Vi and on the level of K representations, one has a 

a 

tensor product situation. The variety S is here replaced by S := H ■^i; 

i=l 

with Si = {^'^^ I ^ e Sj}, s being the number of simple summands, where 
Sj = JCj.Aj is the Kj-orbit of the Jordan determinant Aj and the ki are 
positive integers such that Q{z) = Y[i=i ^i^'(^i)- 

This results in an N*-grading rather than an N-grading, a fact which 
only slightly complicates the calculations. The technical heart of this 
paper then is to make principle 8) work. To this end, one has to replace 
Cfln(S) by spaces Cg,fin(S). Then the strategy of proof given in [Achab- 
Faraut 2012] can be used to prove principle 8) also in the product setup 
where q is still obtained from V. The extra freedom of the parameter q 
turns out to be enough to produce all the representations constructed by 
Brylinski-Kostant and some more. 

The representation so obtained is realized on a Hilbert space T-Lq 
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of holomorphic functions on S. There is an explicit formula for the 

reproducing kernel of Hq involving a hypergeometric function 2-^3 or 1F2 
if there is i such that = 0.. The space l-iq is a weighted Bergman space. 

s 

The norm is given by an integral on C x H with a weight taking in 
general both positive and negative values, involving a Meijer G-function 

3 

G{^. This result permits to get an analogy with the classical Fock space. 
The paper [Achab-Faraut 2012] corresponds to the case g = 0. 

A similar theory can be developped for Fock models of minimal repre- 
sentations of real Lie groups of Hermitian type and also for other unipotent 
representations. It will be the subject of fourthcoming papers. 

The recent work by T. Kobayashi, B. Orsted, J. Hilgert and J. Mollers 
(see [Kobayashi-Orsted, 2003 ] and [Hilgert-Kobayashi-Mollers, 2011]), 
consists in constructing Schrodinger models for minimal representations 
of real Lie groups which arise as conformal groups of simple real Jordan 
algebras. 

Also, in a series of papers, A. Dvorsky and S. Sahi obtained explicit 
Hilbert spaces for unipotent representations of conformal groups of simple 
real Jordan algebras, still with the theory of L^-models (see [Sahi, 1992], 
[Dvorsky-Sahi, 1999, 2003]). 
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1. Construction process of complex simple Lie algebras and 
of simple real Lie algebras of non Hermitian type. — 

Let y be a finite dimensional complex vector space and Q a homoge- 
neous polynomial on V. Define 

L = Str(F, Q) = {ge GL{V) \ 3^ = ^{g), Q{g ■ x) = ^{g)Q{x)}. 

Assume that there exists e E V such that 

(1) The symmetric bilinear form {x,y) — —DxDylogQ{e), is non- 
degenerate. 

(2) The orbit Q, = L ■ e is open. 

(3) The orbit Q = L • e is symmetric, i.e. the pair (L,Lo), with 
Lq = {g E L \ g ■ e = e}, is symmetric, which means that there is an 
involutive automorphism u of L such that Lq is open in {g E L \ iy{g) — g} . 

The vector space V is then equipped naturally with a product which 
makes it a semisimple Jordan algebra (see [AF12] Theorem 1.1 and [FK94] 
for Jordan algebras theory). 

The conformal group Conf{V,Q) is the group of rational transforma- 
tions g of V generated by: the translations z z + a {a E V), the 
dilations z ^ £■ z {£ E L), and the inversion j : z ^ —z~^. A transforma- 
tion g e Conf (V, Q) is conformal in the sense that the differential Dg{z) 
belongs to L = Str(y, Q) at any point z where g is defined. 

Let W be the space of polynomials on V generated by the translated 
Q{z — a) of Q, with a E V . Let k be the cocycle representation of 
Conf(F, Q) or of a covering of order two of it on W, defined in [All] 
and [AF12] as follows: 

Case 1 

In case there exists a character x of Str(y, Q) such that = 7, then 
let K = Conf(y, Q). Define the cocycle 

l,{g,z)^xiiDgiz)-') {g E K, zeV), 

and the representation k of K on W, 

{K{g)p){z) = n{g~^ , z)p{g~^ ■ z). 

The function K,{g)p belongs actually to W (see [Faraut-Gindikin, 1996], 
Proposition 6.2). The cocycle fi{g,z) is a polynomial in z of degree 
< degQ and 

i'^{Ta)p){z) = Piz - a) (aEV), 
{K{e)p){z) = x{i)p{r' ■ z) {iEL), 
{k{j)p){z)^Q{z)p{-z-'). 
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Case 2 Otherwise the group K is defined as the set of pairs {g, jj) with 
g e Conf(y, Q), and is a rational function on V such that 

We consider on K the product ((71, (Ui)((72, /U2) = {9i92i fJ's) with 1^3(2) = 
/^i(5'2 ■ z)n2{z). For ^ = (fif, //) G K, define //(^, 2) := n{z). Then 2) is 
a cocycle: /i(^i^2, 2) = A*(^i, ^2 ■ z)iJ,{g2, z), where ^ • ^ = • ^ by definition. 
RecaU that the representation k of K on W is irreducible and 

{K{g)p) (z) = n{g~^, z)p{g~^ ■ z). 

Observe that the inverse in K of cr = {j, Q{z)) is = {j, Q{—z)) and 
then equals a if the degree of Q is even. From now on, assume that the 
polynomial Q has degree 4. Then there is H G 3(1), where I = Lie{L) 
which defines gradings of t = Lie{K) and of p :— W: 

« = «_i + Bo + «i, P = P-2+P-i+Po + Pi + p2, 

with 

tj = {xet\ adiH)x = jX}, (j = -1, 0, 1), 

«_i = Lie{N) ~ to = Lie{L), Ad{a) : ij t-j, 
and where 

pj = {pep \ dK{H)p = jp} 

is the set of polynomials in p, homogeneous of degree j + 2. Furthermore 
K{a) : pj — )> p-j, and 

p_2 = c, p2 = cg, p_i~v, pi~F. 

Then putting g = t ® p and E := Q, F := 1, we established (see Theorem 
3.1 in [All]) the existence on of a unique simple Lie algebra structure 
such that: 

(z) [x,x'] = [x,x'U {x,x'et), 
(zz) [x,p] = dK{X)p {xet,pep), 

(in) [E, F] = H. 

Recall now the real form gm of q which will be considered in the sequel. 
It has been introduced in [All] and [AF12] . We fix a Euclidean real form 
Vr of the complex Jordan algebra V, denote hj z ^ z the conjugation of V 
with respect to Vr, and then consider the involution i-> ^ of Conf (V, Q) 
given by: g ■ z = g ■ z. For (g, jj) e K define 

{g,lA = A), where ji{z) = ii{z). 
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The involution a defined hy a{g) = a og o is a Cartan involution of 
K (see Proposition 1.1. in [Pevzner,2002]), and K-^ := {g & K \ a{g) = g} 
is a compact real form of K. 

Let u be the compact real form of g such that tflu = {r, the Lie algebra 
of Km.. Denote by pM = p fl (iu). Then, the real Lie algebra defined by 

0M = + pM (*) 

is a real form of q and the decomposition (*) is its Cartan decomposition. 

Looking at the subalgebra g° isomorphic to sl(2, C) generated by the 
triple {E, F, H), one sees that H e z^k, E + F e Pr and i{E - F) e pR. It 
follows that Pr = U{tM.){E + F)+ U{i^){i{E - F)). 

Since the complexification of the Cartan decomposition of 3r is g = ^+p 
and since p is a simple t-module, it follows that the simple real Lie algebra 
0R is of non Hermitian type. 

In [Achab-Faraut 2012], we have established that 

pK = {p e P I Pip) = p}- 

where we defined for a polynomial p & p, p — p{z), and considered the 
antilinear involution P of p given by 

Pip) = K(cr)p. 

The table in next page gives the classification of the simple real Lie 
algebras Qr obtained in this way. It turns out that hey are exactly the 
simple real Lie algebras of non Hermitian type which satisfy the condition 
Omin n 7^ (see tables 4.7 and 4.8 in [Brylinski, 1998] ). 

We have used the notation: 

M^) = 4 + --- + 4^ izecn. 

In case of an exceptional Lie algebra g, the real form gR has been identified 
by computing the Cartan signature. 
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The Jordan algebra F is a direct sum of simple ideals: 

i=l 

and 

s 

Q{z) = l[Ai{zi)''' {z = {zi,...,zs)), 

where Aj is the determinant polynomial of the simple Jordan algebra Vi 
and the ki are positive integers. The degree of Q is equal to J2i=i^i''^i^ 
where is the rank of Vi. Define 

Li = Str{Vi, A,) ^{ge GL{Vi) \ 3ji{g), A^ig ■ x) = 7i(^)A,(x)}. 

In a similar manner than above, we consider the conformal groups 
Conf(Vi,Ai) , the groups Ki analogs of K for the simple summands Vi, 
the spaces Wi of polynomials on Vi generated by the translated Ai{z — a) 
with a E Vi and the cocycle representations iii analogs of k on VVj of Ki 
given by {^ki{g)pj{z) = jli{g~^, z)p{g~^ • z). Observe that the inverse in Ki 
of ai = {j, Ai{z)) is a-^ = {j, Ai{-z)). 

s 

Notice that J| is a subgroup of L and that they have the same 

i=l 

s s 

Lie algebra t = X] with [j = Lie{Li) and for g — (gi) e Yl Li, and 

i=i i=l 

z = (zi) e V, we have g ■ z — {gi ■ Zi) and 



Also, the groups H ^-nd K have the same Lie algebra B = ^ fit. 



i=l 



Furthermore observe that W is generated by the polynomials p{z) = 

s _ 

n Pii^iY" with Pi e Wi given by Pi{zi) = Ai{zi - ai). 
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Let be the i^j-orbit of in Wf. 

= {fii{g)Ai I g e Ki}. 

Then Sj is a conical variety. It can be seen as a line bundle over the 
conformal compactification of Vi. 

A polynomial ^ e VVj can be written 

^{v) — wAi{v) + terms of degree < (lu e C), 

and w = w($,) is a linear form on Wj which is semi-invariant under the 
parabolic subgroup Pmlx = K Ni. The set Sj^o = {f G Sj | w{$,) 
0} is open and dense in Sj. A polynomial ^ G S^ o can be written 
^(f ) — wAi{v — z) (w e C*, 2 e Vi). Hence we get a coordinate system 
{w,z) e C* X for Si,o. 

In this coordinate system, the cocycle action of Ki is given by 

ki{g) : {w, z) H> (/ij(5f, z)w, g- z). 

Denote by = {f'^* | | e and S^^o = {I''' | C e =i,o}- A polynomial 
^ e Sj^o can be written 

C{v) = w''^A^^{v-z) {weC*,zeVi). 

Hence we get a coordinate system {w, z) e Z/s.\C* x Vi for S^^o, where Zfc^ 
consists of A;i-roots of unity. Observe that 

{f^i{9)p)'''{z) = iii{g-^,zf^p^^{g-^ ■ z) = {Ki{g)p^%z) 

where Ki is the cocycle representation of Ki in the vector space Wi 
generated by the translates A^* [z — a) of A^* , given by 

{i^i{9)p){z) = l^i{g~^, z)p{g^^ ■ z) 

with 

l^i{9~^,z) = jli{g~^,z) \ 

s s 

The group Yl acts on the space 0{Y[ Sj) of holomorphic functions 
on n 5. by: (7r(^)/)(ffS • • • , fr) = /((«i(^r')li)'S • • • , 

i=l 

- /(^i(^7r')lfS . . . , ^^s{97')i^^) (9 = (^.))- 
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If ^^(v) = wf'Ai{v - zY\ and / G 0{]\^i), we will write 

s 

fi^i, •••56) = ^1), • • • , {ws, Zs)) for the restriction of / to H =i,o- 

In the coordinates (w, z) = {{wi, zi), . . . , (wg, Zs)), the representation tt is 
given by 

{7:{g)(j)){w,z) = (i){{[jli{g^^,zi)wi]''\g{^ ■ zi), . . . ,[jls{g~^ , Zs)wsf% ■ Zg)) 



2. J|(Ki)K-invariant Hilbert subspaces of 0{Y[ Sj). — In this 

i=i i=i 

s 

section, we determine the Irreducible Yl (-P^i)M-invariant Hilbert subspaces 

s 

of ■^j)- Since the results are simple generalizations of their analogs 

i=l 

given in section 2 and section 3 in [Achab-Faraut 2012], their proofs will 
be omitted. 

For every (mi, . . . , mg) G such that (fcimi, . . . , ksTTis) belongs to Z'^, 

s 

we denote by C(mi,...,ms) the space of holomorphic functions / on J| Sj, 
such that: 

/(Ai^i, . . . , Kis) = At^^^ . . . A^-^/(ei, . . . , e«) (Ai e C*). 
The space C(mi,...,ms) is invariant under the representation n. If / e 

s 

^{mi,...,ms)j then its restriction to J| Sj^o can be written 

^1), . . . , K, ^,)) = w'l^'^^ . . . ■■■,zs) 

s _ 

where t(j is a, holomorphic function on Yl ^i- We will write 0{mi,...,ms) 

i=l 

for the space of the functions ip corresponding to the functions / e 

s 

o 

(mi,...,ms)j denote by TT(^rni,...,ms) the representation of Yl on 

i=l 

^(mi,...,m,) corresponding to the restriction TT^rm,...,ms) of to 0(r„i,...,m,)- 
The representation 7r(mi,...,ms) is given by 

where ^r"-*^ • 2; = {qY^ ■ zi, . . . , • Zg)- Observe that 
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Theorem 2.1. — (i) 0(mi,...,m3) = {0} if there is i such thatrrii < 0. 

(ii) The space C'(mi,...,ms) is finite dimensional, and the representation 

7r(mi,...,m,) is irreducible. 

(iii) The functions '0 in (5(mi,...,ms) ^^^^ polynomials. 

We now consider the compact real forms (-fCi)M analogs of Km. for the 

s 

groups Ki and define on C(mi,...,ms) f| (i^^i)M-invariant inner product. 

1=1 

Define the subgroup Ki^ of as Ki^o = Li in Case 1, and the preimage 
of Li in Case 2, relatively to the covering map Ki — )■ Conf(Vi, A^), and 
also {Ki^o)R = Ki^o n {K^)r. The coset space Mi = 0)m, is 

a compact Hermitian space and is the conformal compactification of Vi. 
There is on Mj a (i^^i )R-invariant probability measure, for which Mj \ Vi 
has measure 0. Its restriction rrii^o to is a probability measure with a 
density . 

Let Hi{z,z') be the polynomial on Vi x Vi, holomorphic in z, anti- 
holomorphic in z' such that Hi{x,x) = Ai{ei + x^) {x G {Vij^j. Put 
Hi{z) = Hi{z, z). If z is invertible, then Hi{z) — Ai{z)Ai{z~^ + z). 

Proposition 2.2. — For g e {Ki)^., 

Hi{g- z,g- z')ni{g,z)iJ.i{g,z') = Hi{z,z'), 

and 

Hi{g ■ z)\iJ,i{g,z)f = Hi{z). 
We define the norm of a function e (^(mi,...,ms) by 
U\\U,...,m.) = —^ L \^{z)\^i{Hi{zi)-^^'^^mi,o{dzi) 

"(mi,...,ms) i=l 

i = l 

with 

•^n i=i 

i = l 

S 

Proposition 2.3. — (i) This norm is W {Ki)^-invariant. Hence, 

i=l 

^ s 

^(mi,...,ms) ^■^ <3i Hubert subspace of 0{W Vi). 

^ i=i 

(ii) r/ie reproducing kernel o/ ^(mi,...,ms) ^i^^en by 

s 

^(mi,...,m3)((^l) • • • ) ^s), {z'l, z'g)) = Y\ Hi{Zi, z'if^^-^K 

i=\ 
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Since 0(mi,...,m,) is isomorphic to d^rm,...,m,), the space 0(^1,...,^,) 

s 

becomes an invariant Hilbert subspace of 0{Y[ S^), with reproducing 

i=l 

kernel 

s 

i=l 

where 

s 

Theorem 2.4. — The group Yli-^iW ^^^^ multiplicity free on the 

i=l 

s s s 

space 0{ Yl ■^i)- The irreducible Y[ {Ki)^-invariant subspaces ofO{ Yl ■^i) 

1=1 i=l i=l 

are the spaces 0(mi,...,m3) f^^^^ {kimi, . . . , ksTUs) € N*. 



s s 

If % C is a Y\{.Ki)^-'i''^'^0'''''iO''^i Hilbert subspace, the repro- 

i=i i=i 
ducing kernel of H can be written 

s 

(A;imi,...,fcsms)eN'' i=l 

with {c(^rni,...,ms)) ^ Sequence of positive numbers such that the series 

s 

J2 Cirm,...,m,) n ^ii^ii C')""' Converges uniformly on com- 

{kimi,...,ksms)eN'> i=l 



pact subsets in Y[ 

i=l 



s 



In case of a weighted Bergman space there is an integral formula for 

s 

the numbers C(^^^... For a positive function p(^i,...,Cs) on Yl '^ij 

s 

consider the subspace H C 0{YI '^i) oi functions (j) such that 

i=l 



2 



\(f){w, z)\'^p{w, z) TT m{dwi)mifi{dzi) < oo, 



where {w,z) = {{wi, zi), . . . , {ws, Zs)) and m{dw) denotes the Lebesgue 
measure on C. 
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Theorem 2.5. — Let F be a positive function on [0, oo[*, and define 

s 

p{w, z) = FiH^iz^)''^ p'^i , . . . , Hsizs)''^ \ws\'"'^) H Hiiz)''' . 

s 

(i) Then T-L is Y[ {Ki)^-invariant. 

(ii) Z) = E(fcimi,...,fc.m.)eN^ ^l'""' • • • '^^s''^'Arm,...,m,){^U ■ ■ ■ , Zs 

then 

Uf= Yl c ~ IIV'(mi,...,m,)||(mi,...,m3)> 

(A;imi,...,fe«m,)eN- (mi,...,m«) 

with 

= T^a{rm,...,ms) I F{ui,...,Us)f[u'^'dUi. 

(iii) The reproducing kernel ofH is given by 

s 

(kimi,...,ksms)€N<' i=l 



Proposition 2.6. — 



(i) The polynomial A^" satisfies the following Bernstein identity 

where the Bernstein polynomial Bi is given by 

Bi{a) = bi{kia)bi{kia - 1) . . . bi{kia - ki + 1), 

bi is the Bernstein polynomial relative to the determinant polynomial Aj. 

(ii) Furthermore 

A^ ( = 5,(a)Af(^iy,(^0'*""'^ 
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The measure mj^o has a density with respect to the Lebesgue measure 
m{dzi) on Vi:mi^o{dzi) = ^Hi^o{zi)m{dzi), with 

Hifi{zi) = Hi{zi) , Ci^o = / Hi^o{zi)m{dzi). 

JVi 

The Lebesgue measure m{dzi) will be chosen such that Ci^ = 1. 
Recall that we have introduced the numbers 

a(mi,...,m,) = / f\Hi{Zi)-'^''''mi,o{dZi). 
JViX...xVs 

Proposition 2.7. — 

Hm.,...,m.) - n ^^^^ llr„^(^^fc^ + 2^)' 

where Fq. is the Gindikin gamma function of the symmetric cone flj in 
the Euclidean Jordan algebra (Vi)K- 



3. Irreducible representations of the Lie algebra. — 

In the sequel, we construct irreducible representations pq of the Lie 
algebra 0, which will be the infinitesimal versions of the minimal repre- 

s s 

sentations. The subgroup Yl ^cts on the space 0{Y[ 2^) by: 

i=l i=l 

{nig)f)ie,\. . = /(«i(^i)-'eTs . . . , {g = i9i)) 

and that, in the coordinates {w, z) = ((wi, . . . , (w^, Za)), the represen- 
tation TT is given by 

7T{g)(l){w,z) = (j){{[fii{g^^ , zi)wi]''\ g^^ ■ zi), . . . , {[jls{g7^, Zs)ws]''%g~^ ■ Zs)) 

s 

This leads to a representation dn of the Lie algebra t in the space 0{Y[ Sj). 

i=l 

Following the method of R. Brylinski and B. Kostant, we will construct 
a representation p oi g = t + p on some subspace of the space of finite 
sums 

C^fln — C^(mi,...,ms); 
(mi,...,m3)6N^ 

such that, for all X e t, p{X) = d'K{X). 
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We define first a representation p of the subalgebra generated by 
F, H, isomorphic to sl(2, C). In particular 

p{H) = dn{H) = n{exptH). 
Hence, for e C»(,„i,...,m,), 

p(iy)0 ={S- im,hn + .^. + mM^^ 

where S is the Euler operator 

S(l){{wi, zi),..., {ws, Zs)) = ^ Hi^i^ . . . , {ws, e^Zs)). 



dt 



We introduce two operators M. and T>. The operator is a multiphcation 
operator: 

{M(l)){w,z) = w^' ...w'',^(f){w,z), 

which maps 0(mi,...,m«) into 0(^rni+i,...,m,+i), and Z> is a diff'erential 
operator: 

which maps into 0(mi-i,...,m,-i)- 

We consider the conformal inversions ai analogs of a for the simple 
summands Vj, and let a = (a^). We then denote hy M.^ and the 
conjugate operators: 

M'' = TT{a)MTT{a)-\ ^ tt{(j)Vtt{(j)-^. 

Given a sequence ((^(mi,...,m,))(fcimi,...,fe3m,)eN'', one defines the diagonal 
operator 5 on Ofln by 

^{ ^ y 0(mi,...,ms)) — ^(mi,...,ms)^(mi,...,Tns); 
(mi,...,ms) (mi,...,ms) 

and put 



Lemma 3.1. 



[p(if),p(i?)] = 2p(i?), 
[p{H),p{F)]^-2p{F). 
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Proof. Since 

s 



p{H)M : V(^) n ^"'"^ ^ - — 2 ^^^^^ n 

i=l i=l 

s 



s 

fci (mj + l) 



Aip(iy) : i;{z) n ^^f^'"^ ^ - — n 

i=l i=l 

one obtains 

s 

[p{H),M] = M = -2M. 



Since p{H)5V maps tl;{z) J] to 



{mi - l)kiri s 



and since 6Vp{H) maps 



^ rriikiri s 

and, by using the identity 
one gets 



d 



ki{mi-l) 



[p{H),5V] : V(^)n^?^"^ ^ 25(^,_i,...,^^_i)Q(-)v(^)n 

Finally [p{H), p{F)] — —2p{F). Since the operator 5 commutes with 7r(cr), 
and 7r((7)p(i?)7r((7)-i = -p{H), we get also [p{H),p{E)] = 2p{E). Q 

For p G p, define the multiplication operator M.{j)) given by 
[M{p)(t)){{wi, ^i), . . . , {ws, Zs)) = . . .w^^-p{z)(t){{wi,zi), {Ws, Zs)). 
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Observe that M{1) = M. Then, for g = (gi) e U Ki, 

i=l 

M{K{g)p) = 7T{g)M{p)n{g-^). 
Proposition 3.2. — There is a unique map p End((9fln), p H- 

V{p), such thatV{l) = V, and, forge fl Ki, V{K{g)p) = 7r{g)V{p)7r{g-^). 

1=1 

For pep, define 

pip)=Mip)-5V{p). 

Observe that this definition is consistent with the definition of p{E) and 
p{F). Recall that, for X e p{X) = dn{X). Hence we get a map 

p:0 = e©p^End(Ofin). 

Let I]>{V)^ denote the algebra of L-invariant holomorphic differential 
operators on the open set of invertible elements of V. One can show that 
this algebra is isomorphic to the algebra D(ri)'^ of G-invariant differential 
operators on 1], the symmetric cone associated to the Euclidean real form 
Vr of V, where G is the connected component of the identity of the group 
G{Q) = {g e GL{V) \ gfl = Q}. In [Achab-Faraut 2012] we established 
the following results: 

1) If V is simple with rank r degree dand dimension n, and Q — A, the 
determinant polynomial, then 'B{V)^ is isomorphic to the algebra P(C)®'' 
of symmetric polynomials in r variables. The map 

D ^ 7(D), B{V) P(CO®^ 

is the Harish-Chandra isomorphism , with ^{D) determined by 

7(i^a)(A) = n(A,-a + ^(r-l)) 
where Da = A{z)'^+''A{-§^)A{z)-°'. (RecaU that ^ = 1 + (r - l)f ). 

s 

2) lfV— '^Vi is semisimple and Q — A^^ . . . A^^ , D(F)^ is isomorphic 

i=l 

to the algebra Ylt^i P(C'^*)®^<. The isomorphism is given by 

D^^iD)={UD),...,UD)), 
where 7^ is the Harish-Chandra isomorphism relative to the algebra 
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And, for D G ©(F)-^, we defined the adjoint D* by D* = JoDoJ, where 
Jf{z) = foj{z) = f{-z-^) and estabhshed that ^{D*){X) = ^{D){-X). 

In the present setting we define the Maass operator Dq^ as 

It is a Lj-invariant holomorphic diflFerential operator on V^. We write 
7«(A«) = 7i(D«)((A«). 

Then 

7«(A«) = ri[A«-fca+i(^-l)],, 

where is the dimension of Vi and where we have used the Pochhammer 
symbol [a]k — a{a — 1) . . . {a — k + 1). 

Proposition 3.3. — The subspaces C(mi,...,ms) o-i^^ invariant under 
[p{E), p{F)], and the restriction of [p{E) , p{F)] to 0(m,i,...,ms) commutes 

s 

with the Yl Li-action: 

i=l 

(mi,...,m.sj) 



i=l i=l 

s 



where P(mi,...,ms) '^^ 11 Li-invariant holomorphic differential operator 

i=l 

on V. It is given by 



rrii 



P{rm,...,m,) = <^(mi,...,m,)(n^-l~n^-mi-l )+^(mi-l,...,m,-l) (H ^ 

Proof Restricted to 0(^rni,...,m,), 

s s 



s s s s 

rrii 

i=l i=l i=l i=l 



It follows that the restriction of the operator [p{E), p{F)] to C(mi,...,ms) 
is given by 
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[p{E) , p(F)] = [M'' -doV'.M-SoV] 

= [M^SoV] + [doV,M''] 

= MSV - dV'M + dVM"" - M"5 o V 



By the Harish-Chandra isomorphism the operator P(mi,...,ms) corre- 
sponds to the polynomial P(rm,...,ms) = 7(-P(mi,...,m«)), 



S S 

P(m„...,m.)(A) = <5(^„...,^.)(n7i1(A«)-n7il-i(-A«)) 

i=l i=l 

+<^K.-i,...,...-i)(n7ii(-A«) - n7i^^(A«)) 

where 

a = (aw,...,a(^)) 

with 

A« = (A«,...,A«)eC'^^ 

The question is now whether it is possible to choose the sequence 
{5{m^,...,m,)) in such a way that [p{E),p{F)\ = p{H). 
Recall that restricted to 0(mi,...,ms)) 

/TT\ c {rriikiri + . . . + niskars) 
p{H) = t , 

where £ is the Euler operator 

d 

£(p{{wi, zi),..., {ws, Zs)) = ^ \t^Q(p{{wi, e^zi, {ws, e^Zs)). 
Then it amounts to checking that, 

{mikiri + . . . + 



P(mi,...,m3)(A) = 7(^)(A) 
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From now on, we introduce the subspaces Cg,fin of Ofln, for every 
q = (9i,...,?s) e N*, such that the numbers |^ are integers, defined 

by 

s 

{kiTrii = kivn + qi (VI < z < s)) 
Since the subspaces Oq,fin are stable under p, we denote by pq the 
restriction of p to Og^^^. 

Theorem 3.4. — It is possible to choose a sequence ,^^+98 )) 

such that 

[pg{H),pg{E)] = 2pg{E), [pg{H),pg{F)] = -2p,(F), [p,(£;), p,(F)] = p,(if)| 
z/ and only if there is a constant 770 such that for all i 

r- + rrr = ^0 

and then 

where A is a constant depending on {V,Q). 
Proof. In fact 

n7«(A«)=nn[Af ^(^-1)],. 

i=i i=ij=i * 

=nnn(M"-M+H^-i)-(*-i)) 

i=i j=i k=i * 

S n fci -v (i) 7 1, 

^ n-T-r T-r /'^i 1 /n,; /e-l' 



nnn(^-«+^(^-i)-^). 

with ^ = ni=i fc!'^'^ We put 

7 (i^ f^i qi ni 
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Then we obtain 

P{mi,...,ms)W = 

Akr. ™.) (n ft w^f + 1) - ft ft nt^iL' - - 1)) 

i=lj = lfc=l i=lj = lfc=l 

+^<^(^.-i,...,^.-i)(nn n(^j? -€) - nn n(^ji^))' 

i=lj = lfe=l i=lj = lfe=l 

and 

7(£)(A)=Ei:E-^]'-iEEi:€- 

i=l j=l k—1 i=l j=l fc=l 

The theorem is then proved by using the foUowing lemma: [] 

Lemma 3.5. — To a partition p = {pi, . . . ,pe) of 4 O'nd length i: 

pi + . . . + = 4, and numbers •yij (I < i < i, I < j < Pi — I), one 
associates the polynomial F in the I variables Ti, . . . , T^.- F{Ti, . . . , Ti) = 
nLi lVj=i{Ti + lij)- Given a, /3, c e M, and 6i, . . . 6^ G M, then 

a{F{Ti + 1, . . . , + 1) - F{Ti - hi - 1, . . . ,Ti - hi - 1)) 

e 

+ /3{F{T,-bi,...,T^-be)-F{T,,...,Te) ^J2^i + c 

is an identity in the variables Ti , . . . , if and only if there exists b such 
thatbi = ... = be = b, a= j^+jf^, P = 5(5^ and 

e fci-i 
c = ^ ^ 7y - 2b. 
i=i 3=1 

At last, similarily to Theorem 5.8 in [Achab-Faraut 2012], we obtain: 

Theorem 3.6. — Assume that the constant rjo of Theorem 3.5 exists. 

Fix (5(-^_|_|L _^_|_|^)) as in Theorem 3.5. 

(i) pq is a representation of the Lie algebra Q on Og^n. 

(ii) The representation pg is irreducible. 
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Let us now consider all the cases where there is a constant 770 such that 
for all i, 

Vo = — + 

These will be the cases where pq is a representation of the Lie algebra q. 
We can observe, in particular, that the case (2) gives representations of 
sl{p + 2, C) for all p > 2, not only for even ones. 

(1) V = C,Q{z) = z'^. qe m and r/o = | + i 

(2) V = CP, Qiz) = (zl + ... + zlf, with p > 2. 5 e 2N, r/o = f + f . 
{Z)V = C®C, Q{z) = zlzl 51 = 92 = 5 e 2N, r/o = i + i 

(4) V = C e C e C, Q{z) = zfz2Z3. qi e 2N, 92 = 93 = f + i 
770 = f + i 

(5) y = C © C © C © C, Q{z) = Z1Z2Z3Z4. gi = 52 = gs = 54 = g e N, 
?7o = g + 1. 

(6) V = CP®C, Q{z) = {zl + ... + zl)z''^, with p odd and > 2. gi e N, 
g2 = 2gi + p- 1, ?7o = gi + |. 

(7) y = CP © C © C, Q{z) = (zl + ... + zl)z'z", with p > 2. p even, 
gi e N, g2 = gs = gi + I - 1, ?7o = gi + f • 

(8) F = © Cf^ Q(^) = {zl + ... + zl^){z[^ + . . . + 4'), with 
Pi,P2 > 2. pi -p2 > even, gi e N, g2 = gi + 2^^, ?7o = gi + ^• 

(9) y =Sym(4,C), Q{z) = detz, or F = M(4, C) and ^(2) = det^ or 

V =Skew(8, C) and Q{z) =Pfaff(^). geN, ryo^g+f^g + l + f, with 
d = 1, 2 or 4 respectively. 

(10) V =Sym(3,C) © C , Q{z) = det^i • ^2 or y = M(3, C) © C, 
Q{z) = det^i • Z2, or V =Skew(6, C) © C, Q{z) =Pfafr(^i) • Z2 or 

V =Herm(3,C) © C, Q{z) = det^i • Z2. gi G N, g2 = gi + ^ - 1, 
r/o = gi + ^ = gi + 1 + <^i, with (ii = 1, 2, or 4 respectively. 

Observe that in the case (11) we must have 

(11) V = C® C,Q{z) = zfz2. gi e 3N, g2 e N and g2 = f - |, 
7/0 = ^ + 1 and that is impossible. 
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4. Irreducible unitary representations of the corresponding 
real Lie group. — We consider, for a sequence (c(-^^|l^ )) of 

positive numbers, an inner product on Og^nn such that 
|2 _ -<r^ 1 II,/, „ ' „ 112 



for 

meN ^ ^ 

s 

This inner product is invariant under We assume that the 

i=l 

constant r]o of Theorem 3.4 exists, and we wiU determine the sequence 
(c(^_j_9L rn+^)) such that this inner product is invariant under the 
representation pq restricted to Qr. We denote by Tig the Hilbert space 
completion of Oq,fin with respect to this inner product. We will assume 

0/91 9a \ = 1. 

Recall from Proposition 2.6, the Bernstein identity 



where 



Bi{a) = bi{kia)bi{kia - 1) . . . bi{kia - ki + 1), 



hi is the Bernstein polynomial relative to the determinant polynomial A^, 
given by bi{a) = a{a + ^) . . .{a + (r^ — 1)^) where di is the degree of 



the simple summand Vi, = 1 + {vi — 1)^). The Bernstein polynomial 

s 

-^(q^) = n Bi{a) is of degree 4, and vanishes at 0. The roots of B are 

i=l 

given by |: - for aU 1 < i < s, x G N, y e N, < x < ki - 1, < 
y < Tj — 1. We then have two cases: 

First case: B{1 — r]o) = 0. It is the case if there is i such that = 0. 
Let us denote by a2 and as the two other roots of B{a), such ythat 
B{a) = a{a + ?7o — — a2)(o — os)- 

Second case: B{1 — ?7o) ^ 0. It is the case if Vi, > /cj. Let us 
denote by ct'i,Q:2 and a'^ the three other zeros of B, in such a way that 
B{a) = Aa{a — a[){a — a2){a — a'^). 

The remaining roots of the Bernstein polynomial for the two cases are 
given in the following two tables: 
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Theorem 4.1. — 

Assume B{1 — 770) = 0. Then 

(i) The inner product ofHg is Q^-invariant if 

_ iVO + l)m 

(ii) r/ie reproducing kernel ofHq is given by 

s 

^(C, f ) = 1^2(% + 1; % + "2, % + n CO: 

Assume B{1 — rjo) 7^ 0. Then 

(i) r/ie inner product of Tig is Q^-invariant if 

_ ivo + l)m(l)m 1_ 

C(m+|i,...,m+|j) - ^ a;)^(?7o + a^)m(r7o + a^)m m! 

(ii) r/ie reproducing kernel ofHq is given by 

where ^ = ((w^i, ^^i), • • • , (w^s, 2;^)), = {{w[, z{),..., (w'^, z'^)), and 

1=1 

is the reproducing kernel of the space C(gi,,,..g^,) . 

Proof (i) Recall that pR = {p G p | P{p) — p}, where /5 is the 
conjugation of p, we introduced at the end of Section 1. Recall also that 
P{K{g)p) = K{a{g))p{p). 

The inner product of T-Lq is gR-invariant if and only if, for every p & p, 

p,ipr = -pMp))- 

But this is equivalent to the single condition 

PqiE)* = -P,{F). 

which is equivalent to the following: 



.(0 I M^'cf)') = - — — ^ W I 4> )- 



C(m+l + |i,...,m+l + |^) C^m+^,...,m+^) 
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Recall that the norm of ^ ■) can be written 



Then, the required condition of invariance becomes 



i = l 



where we denote by 

(c • CL)(^rni,...,ms) — C[mi,...,mi,)'^{mi,...,ms)- 

By integrating by parts: 
fs {Q(^)i:){z)Wizjf\H,iz,)-''^-'''-'nm{dz^ 



i=l 



and, by the relation 
the condition can be written 



m+^') Bi[-kim - Qi- 2—) 
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From Proposition 2.7 it follows that 



rr B i—m — ^ 

a(m+l+|i,...,m+l+|f) _ /Ji ^i^i' 



i=l 

We obtain finally 
^(m+i+|i,...,m+i+|j) (m + r]o){m + rjo + 1) 



i=l 

(m + ?7o) (m + ?7o + 1) {m + ijo + 1) 



B{-m - r]o) (m + ?7o + Q;'i)(m + ryo + a2)(™ + + cts) ' 



and, since C/n qs_\ = 1, then 



in case 1, i.e. if a[ = 1 — r)o,a2 = 0:2, 0:3 = 0:3, we obtain: 

^ iVo + l)m 3_ 

and in case 2 we obtain : 

_ iVO + l)m(l)m 1_ 

C(m+|i,...,m+U) - ^ a;)^(r7o + a^)rr.(r7o + a'sU ml 
(ii) By Theorem 2.5 the reproducing kernel of Hq is in case 1 given by 

meN " i=l 

s 

= iF2{vo + "2, Vo + as; % + 1; n -^»(^»' ^i)''' {u!zw[)ki)lCq{C, ^'): 
and in case 2 it is given by 

s 

= 2^3(^70 + a[, r/o + a'2, r/o + 4; m + 1> 1; H '^i)''' 

i=l 

with ^ = ((wi, zi), . . . , 2:5)), C' = ((^, • • • > i'^'si z's))- U 
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Observe that the formulas obtained in Theorem 4.1, for the reproducing 
kernel of the Hilbert space l-iq, by considering all the cases (10) 
in the preceding case 1 table, agree exactly with the formulas given by 
Theorem 8.1 and table 6.9 in [Brylinski, 1998]. and that our construction 

gives also irreducible representations for SL{p, M) for every integer p > 3 
but that in [Brylinski, 1998] failed for odd p>5. Furthermore, the family 
of representations obtained by considering the second case table are new 
and would not be minimal. 

In the following, we will see that the Hilbert space Hq is a pseudo- 
weighted Bergman space. It means that the norm of e T-Lq is given 
by an integral of with respect to a weight taking both positive and 
negative values. The weight involves a Meijer G-function: 

in case g = 

in case 

Theorem 4.2. — For e Hq, 



^= /. \(t){w,z)\'^p{w,z)Y\m{dwi)mi^Q{dzi), 



with 

s s 

piw,z) = CG{l[\wi\^H,izi)''^)l[H,{zi)''K 



i=i i=i 



In fact, from the proof of Theorem 4.1 it follows that 
1 



(c-a) 



•";(m+l+|^,...,m+l + |j) 



s n il 

— =5(^,11 ^,qs\\\BA—kim—qi—2 — )- 1 



ns,(-m-g-2^) 



(m + r]o){m + r/o + 1) (c • a)^^^?^ ^. +|^) 
fli?,(-m-r/o-^) 

{m + ?7o)(m + ?7o + 1) (c ■ a)(^+|i^...^^+|^) ' 
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Denote by 61, 62 ) ^3) ^4 the roots of the polynomial 

1=1 

in such a way that 

B{a) = (a — bi){a — b2){a — b3){a — 64) 

then 

1 S(— m — ?7o) 1 

(c • ^ .^^+1+1^) (m + r]o){m + r/o + 1) (c • a)(^+|L 

_ (m + ryo + + % + ^>2)("^ + ?7o + + ^0 + h) 1 

(m + r]o){m + ijo + 1) (c • a)(^+|i^ 

which implies that 

1 _ (^0 + bi)m{riO + &2)m(??0 + &3)m(^0 + ^4)m 

(c-a)(^+|l^...^„+|^) (%)m(% + l)m 

_ r(r7o + bi+ m)T{r]o + 62 + m)r(r7o + 63 + m)T{r]o + 64 + m) 

where 
with 

/5i = % + ^>i-i, P2^m + b2-i, Ps^m + h-i, P4^m + h-i- 

Observe that in the particular case q = 0, B{a) = B{a — r]o) and since 
the Bernstein polynomial B (considered above) vanishes at and at 1 — rjo, 
a2,a3 being its two other roots, then 

B{a) = (a - T]o){a - l){a - r/o - 0:2) (a - m - as)- 
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r(r/o + m)T{r]o + 1 + m) 

/>oo 

= C G{u)u'^du 
Jo 

^W- ^2,4(^2:1^^ ^2 ^3 A/" 



It follows that when q = 0, 

ttl = Vo - 1, "2 = Vo 

/3i = 2?7o, /52=??o, /33 = 2r/o + ^2 - 1, /34 = 2?7o + as - 1 
and then the G-function is given by 

where 

a = rio-l, /3[ = 2?7o, P2 = 2?7o + 0:2-1, P3 = '^Vo + 03-1 
and these formulas agree with those obtained in [Achab-Faraut 2012]. 
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Let Gr be the connected and simply connected Lie group with Lie 

algebra 0k and denote by K]^ the subgroup of Gr with Lie algebra t]^. It 
is a covering of Kr. We denote by s : i^R K]^,g ^(^f) the canonical 
surjection. 

Considering the preceding table, we observe that since one of the (3i 

3 X 

always equals one of the ctj, it follows that the G-function is always G^^g. 

Theorem 4.3. — (i) There is a unique unitary irreducible represen- 
tation TTq of Gr on T-Lq such that dltq = Pq . 

(ii) The representation iVg is spherical if and only ifq = 0. In that case, 
the space C(o,...,o) reduces to the constant functions which are the K-fixed 
vectors. 
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